We derive a formula for the total energy, and its flux, of weak gravitational waves on a de Sitter background. *
In view of the recent gravitational waves detections, and of the measurement of a positive cosmological constant, there arises an urgent need of a thorough understanding of gravitational waves in spacetimes with a positive cosmological constant. An important starting point for such studies is the understanding of weak gravitational waves in this context, as these are the ones that are seen by the detectors. One of the key issues is to determine how much energy is carried away by these gravitational waves.
Indeed, consider an astrophysical system emitting gravitational waves, e.g. a collection of clusters of galaxies in a binary or in a localised manybody system; here "localised" should be understood in terms of cosmological scales. At the scale of the universe the resulting gravitational waves can be well approximated by linearised fields on a cosmological background except on a cosmologically-negligible region in an immediate neighborhood of the emitting system. And without any doubt, for such systems the field in the radiation zone is well described by the linearised theory. As a first approximation to the problem at hand it appears reasonable to consider solutions of the linearised equations throughout. The aim of this note is to derive a formula for the energy emitted in such a setting in the simplest cosmological model with a positive cosmological constant, namely de Sitter spacetime.
More precisely, we will calculate the canonical energy of weak gravitational waves on light cones in a de Sitter universe, and their flux. Now, the worldline of an isolated system as above is well described by a timelike geodesic in de Sitter spacetime. Such geodesics are orbits of a Killing vector field, say X, which is timelike along this geodesic and tangent to it. A first guess would be that at any moment of time along the geodesic, the total energy contained in the gravitational wave emitted equals the integral, over the light-cone with vertex on the geodesic, of the canonical energy-momentum tensor of the gravitational waves contracted with the vector field describing the motion of the light-cone, which in this case is the Killing vector field X. However, linearised gravitational waves are defined up to gauge transformations, and the question of a physically meaningful choice of the gauge arises. Whatever the gauge, the canonical energy-momentum tensor contracted with a Killing vector field of the de Sitter background provides a current with vanishing divergence, with the integral of this current over a three-dimensional hypersurface providing an associated charge. This is an integral over a region of infinite extent, and will not even be finite when a random gauge is chosen. So a minimal requirement is to use gauges which allow one to obtain, or at least identify (as will be done below), finite integrals. The gauges should be restrictive enough so that the residual gauge freedom left does not affect the total energy calculated with the method.
In the case of vanishing cosmological constant, a good gauge for the purpose has been found by Bondi and collaborators [4, 8] . In the nonlinear theory it leads to the Bondi energy, as well as the associated Trautman-Bondi mass loss formula [9] . For linearised gravitational waves and Λ = 0 the canonical energy, when calculated in the Bondi gauge, reproduces the Bondi energy and the Trautman-Bondi mass loss formula. It is therefore reasonable to expect that the use of the Bondi gauge will also provide a meaningful definition of total energy of weak gravitational waves in the presence of a positive cosmological constant. This is the approach taken here. After isolating terms which would lead to infinite energy and which have a dynamics of their own, one is thus led to our formula (20) below for the total energy of weak gravitational waves contained in a light cone, together with the formula (23) for the flux of energy when the cones are dragged along a timelike geodesic.
This work is related to that in [1, 2] , where a definition of energy is used which differs from the one used here by boundary terms. This difference is irrelevant when integrating over compact boundaryless surfaces. However, as made clear below, a proper inclusion of boundary terms is important to obtain the energy flux formulae that we are about to derive. We emphasise that keeping track of these terms is crucial already in the case Λ = 0, whether in the linearised case addressed here or in the full nonlinear setting.
We note that an approximate solution describing a gravitational wave emitted by a gravitating system has been derived in [3] . Unfortunately, this solution issingular near the vertex of the light cone. This not an issue for the analysis there, since the authors of [3] are concerned with the large-distance behaviour of the solution. However, such solutions are not suitable in our context: while the knowledge of the asymptotics of the field suffices to obtain the flux formula for energy, the solution needs to be put into the Bondi gauge to calculate our energy flux. This requires regularity everywhere, including the vertex. It would be of interest to extend the analysis in [3] to obtain globally regular solutions, we hope to address this in the future.
Recall that a metric in Bondi coordinates takes the form
where
The de Sitter metric can be written in this form (cf., e.g., [5] )
with ǫ determined by the sign of g uu . We consider linearised solutions h µν of the vacuum Einstein equations which, in the coordinate system of (4), satisfy the gauge conditions resulting from (1)- (2):
The equations satisfied by h µν can be derived from the Lagrangian obtained by taking the quadratic part of √ | det g| 16π R−2Λ and discarding a divergence,
where Q is a quadratic polynomial in h,
and P αβγδǫσ = 1 2 g αǫ g δβ g γσ + g αǫ g σβ g γδ − g αδ g βǫ g σγ − g αβ g γδ g ǫσ − g βγ g αǫ g σδ + g βγ g αδ g ǫσ .
Given a Lagrangian field theory of fields φ A with Lagrangian L , the canonical energy associated with a vector field X and a hypersurface S is defined as the integral
where φ A µ := ∂ µ φ A . Let C u denote a level set of the coordinate u as in (4), this is a light cone emanating from r = 0. Let C u,R denote this light cone truncated at coordinate-radius r = R. Given a solution h µν of the linearised vacuum Einstein equations in Bondi gauge, a somewhat lengthy calculation gives the following formula for the canonical energy E c [h, C u,R ]:
where S(R) denotes a sphere of radius R.
To continue one needs to understand the asymptotic behaviour of the fields for large R. It is convenient to define the rescaled fieldš h AB := r −2 h AB , keeping in mind that the symmetric trace-free tensor field h AB on a light cone is freely prescribable. It follows e.g. from [6] that there exists a dynamically consistent class of fieldsȟ AB which have an asymptotic expansion of the form, for large r,ȟ
where the coefficients of the expansion (1) h AB , etc., do not depend upon r. The remaining h µν 's are determined by the linearised version of the characteristic constraint equations in Bondi coordinates [7] , this proceeds as follows. First, these equations give, in vacuum, ∂ r h ru = 0, and regularity at the tip of the light-cone leads to h ru ≡ 0. Next we have
whereD A is the covariant derivative of the round-sphere metricγ AB . Integrating in r twice and using regularity of the metric at the vertex one obtains
where µ A is chosen to cancel the leading order r 2 -term which could arise at the right-hand side. This leads to the asymptotics
(Strictly speaking, a non-trivial choice of µ A might prevent the metric perturbation to be smooth at the vertex, but one checks that the field µ A has a gauge character and that the associated gauge transformation preserves finiteness of the volume integral.) One then finds the following form of the boundary term in (10):
where o(1) denotes terms which tend to zero as R tends to infinity. This tends to minus infinity in the limit R → ∞ if (1) h AC is not identically zero, and begs the questions whether 1. the divergence of the boundary integral is compensated by that of the volume integral and, if not, 2. whether the boundary integral is needed at all in the definition of energy and, if so, 3. can one obtain consistent solutions by restricting oneself to a set of fields with (1) h AC ≡ 0.
The answer to the second question is yes: if Λ = 0, one will not obtain the Trautman-Bondi mass loss formula without this term.
To answer the remaining questions one needs to make use the linearisation of the evolution equation for g AB [7, Equation (32)]: Denoting by
T S[·]
the traceless symmetric part of a tensor, we have in vacuum
Integrating, we find ∂ uȟAB (r, ·) = 1 r r 0 1 s
where ∂ u (1) h AB (·) = ∞ 0 1 s
and note that the integral exists and is finite under the current conditions.
Equation (18) shows that there is no reason for ∂ u (1) h AB to vanish in general. Hence the field (1) h AB will be nonzero at later times, even if the fieldsȟ AB are compactly supported on the initial light cone, unless the initial data are very special. Therefore the answer to question 3. is clearly negative.
Next, using (17) one finds a finite volume contribution to the canonical energy. So the volume integral cannot be used to compensate the divergence of the boundary integral. This answers the first question in the negative, and is rather worrisome.
A way out is provided by the flux formula satisfied by the energy. Indeed, if X is a Killing vector of the background metric g and if the field h µν satisfies the linearised Einstein equations, then the divergence of the field H µ vanishes. This leads to the following flux equation
This equation shows that the divergent term in E c has a dynamics of its own, evolving separately from the remaining part of the canonical energy. It is therefore natural to introduce a renormalised canonical energy, saŷ E c [h, C u,R ], by removing the divergent term in (15). After having done this, we can pass to the limit R → ∞ to obtain:
ABγCD (1) h AC ∂ u (1) h BD + Λ 3 (1) h AC
This is our first main result here, and is our proposal how to calculate the total energy contained in a light cone of a weak gravitational wave on a de Sitter background. One checks that vector fields ξ generating the gauge transformations
and preserving the Bondi coordinate conditions take the form
whereξ B (x A )∂ B is a conformal Killing vector field ofγ, and whereξ u is a linear combination of ℓ = 0 and ℓ = 1 spherical harmonics. (This is a key difference compared to the case Λ = 0, where ξ u is an arbitrary function of angles: there are no supertranslations in our setting.) A simple calculation then shows that our formula for energy is invariant under the transformations (22) withD Bξ B = 0. The remaining transformations, involving generators of non-trivial conformal transformations of S 2 , correspond to Lorentz boosts, leading to the usual Lorentz transformation of the energy-momentum vector.
The flux equation for the renormalised energyÊ c is obtained by dropping the term linear in R in (19) and passing again to the limit R → ∞:
ABγCD ∂ u (1) h AC ∂ u (1) h BD + Λ 3 (2) h AC ∂ u (1) h BD d 2 µγ .
This is our key new formula. When Λ = 0, equivalently α = 0, we recover the weak-field version of the usual Trautman-Bondi mass loss formula. Hence the last term in (23) shows how the cosmological constant affects the flux of energy emitted by a gravitating astrophysical system. Our mass loss formula has a Λ-dependent correction which can be both positive or negative, which is expected. Indeed, the de Sitter spacetime contains Cauchy hypersurfaces which are three-dimensional spheres, which implies that the total energy of gravitational waves in the full non-linear theory vanishes. Equivalently, in spatially closed universes the kinetic energy of the waves is exactly compensated by the negative potential energy arising from the self-interaction of the gravitational field. This implies in turn that any flux formula for energy must contain terms with indeterminate sign.
